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Effect of magnetic fields on bound localized electron states
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An approximate analytic solution for the ground electron state are found to the Schro¨dinger
equation for a combination of a uniform magnetic field and single attractive −λδ(r) potential.
Effect of the magnetic field on this bound localized electron state is discussed. We show that above
effect leads to appearing the probability current density in some region centered in the point r = 0
as well as to enlarging (for a number of physical models) the localization region of the electron in
the plane perpendicular to the magnetic field. We are expected that these properties can be of
importance for real quantum mechanical systems.
I. INTRODUCTION
When an electron travels in a uniform magnetic field (that is in a cylindrical external field configu-
ration) where a natural assumption is that the relevant quantum mechanical system is invariant along
the symmetry (z) axis, the system then becomes essentially two-dimensional in the xy plane [1]. Many
physical phenomena occurring in quantum systems of electrically charged fermions, which have the axial
symmetry, can be studied effectively by means of the corresponding Schro¨dinger or Pauli equation in 2+1
dimensions.
A permanent interest in this topic also is stimulated by the studies of (2+1)-dimensional models in
both superconductivity [2] and particle theory (including the quantum Hall effect [3] and the degenerate
planar semiconductors with low-energy electron dynamics [4])[2-4]).
Two-dimensional electrons in external electromagnetic fields at low temperature has attracted signifi-
cant interests since the discovery of the integral quantum Hall effect (IQHE) [3]. The amazing fact that
the quantized values of the Hall conductance are related only to fundamental constants and are inde-
pendent of the actual sample and geometry. Another important fact that the IQHE occurs in impure
samples with defect centers when localized electron states appear. There are defects of such type in thin
films too. It was shown in [5] that the residual effect was observed in the Mo¨ssbauer spectra of defect
oxide thin films after magnetic field treatment.
The purpose of this paper is to investigate the effect of the magnetic field on planar localized electron
states.
II. ELECTRON IN A UNIFORM MAGNETIC FIELD
At first let us consider an electron of charge e < 0 in the xy plane in a uniform magnetic field B, which
is specified in Cartesian coordinates as
B = (0, 0, B) = ∇×A, A = (−yB, 0, 0). (1)
The Pauli equation in field (1) has the form
ih¯
∂
∂t
ψ(t, r) = Hψ(t, r), r = (x, y), (2)
where the Hamiltonian H is
H = 1
2m
(
−ih¯ ∂
∂x
+
eB
c
y
)2
− h¯
2
2m
∂2
∂y2
+ µσ3B. (3)
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2Here m > 0 is the effective electron mass in a crystal lattice, µ = |e|h¯/2mec is the Bohr magneton, me is
the mass of a free electron and
σ3 =
(
1 0
0 −1
)
.
The last term in (3) describes the interaction of the spin magnetic moment of the electron with the
magnetic field. If the electron is free we shall put m = me.
Electron wave function in field (1) has the form
ψnp(t, r) =
1
2
e−iEnst/h¯eipx/h¯Un(Y )
(
1 + s
1− s
)
(4)
where
Ens = h¯ω
(
n+
1
2
)
+ sh¯ω
m
2me
(5)
is the energy spectrum of two-dimensional electron, ω = |eB|/mc, s = ±1 is conserving spin quantum
number, p is the momentum of electron in the x-direction in field (1). Note that p is constrained by
|p| ≤ eBL/c [6].
The functions
Un(Y ) =
1
(2nn!pi1/2a)1/2
exp
(
− (y − y0)
2
2a2
)
Hn
(
y − y0
a
)
,
are expressed through the Hermite polynomials Hn(z) is the Hermite polynomial, the integer n =
0, 1, 2, . . . indicates the Landau level number, a =
√
h¯c/|eB| ≡
√
h¯/mω is the so-called magnetic length
and y0 = −cp/eB. It should be reminded that the classical trajectory of an electron in the xy plane per-
pendicular to the magnetic field is a circle with the rest center. Quantity y0 corresponds to the classical
y - coordinate of the circle center.
All electron states (4) are not localized in the x-direction.
III. ELECTRON IN AN ATTRACTIVE POTENTIAL IN THE PRESENCE OF A UNIFORM
MAGNETIC FIELD
Now we study a simple solvable model. We consider the motion of an electron in a single attractive
−λδ(r) potential in the presence of a uniform magnetic field. Here λ is a positive constant, δ(r) is the
Dirac delta function. In fact, the equation we need solve is the following Schro¨dinger equation
1
2m
[(
−ih¯ ∂
∂x
+
eB
c
y
)2
− h¯2 ∂
2
∂y2
− h¯2λδ(r)
]
ΨE(r) = EΨE(r). (6)
Indeed, because the electron spin is conserved, we cannot take into account the last term in (3). Solutions
of Eq.(6) are sought in the form
ΨE(r) =
∞∑
n=0
∫
dpCEnpψnp(r) ≡
∑
n,p
CEnpψnp(r), (7)
where ψnp(r) is the spatial part of the wave functions (4).
Then for coefficients CEnp, it is easily to obtain
CEnp(n+ b) = λ0
∑
l,k
CElkVl(0)Vn(0), (8)
where
b =
1
2
− E
h¯ω
, λ0 =
λ
4pimωa
, Vl(0) ≡
√
aUl(y = 0).
3Supposing
CEnp = CE
Vn(0)
n+ b
, (9)
then inserting (9) in (8) and taking account of formulas∑
n,p
|CEnp|2 = 1, (10)
∑
p
Vn(0)Vk(0) ≡
∫
dpVn(0)Vk(0) =
h¯
a
δn,k, (11)
we obtain the following equations
1 =
λ
4pi
∞∑
n=0
1
n+ b
, (12)
(CE)
−2 =
∞∑
n=0
1
(n+ b)2
. (13)
Eq.(12) defines implicitly the energy of a bound localized electron state.
It is seen from Eq. (12) that the electron energy in the lowest unbound state in the presence of uniform
magnetic field is equal to h¯ω/2 and the latter keep on to have the same value in three-dimensional space.
Hence, one can conclude that there always exists a bound electron state in any attractive potential in the
presence of magnetic field in three-dimensional space. The values of energies certainly differ from each
other for two and three spatial dimensions, nevertheless the motion patterns in the plane perpendicular
to the magnetic field will be like.
It is pleasant feature of two-dimensional model discussed to make it possible to find both the energy
and the approximate wave function of bound state in clear simple forms. At first it is well to note that
λ is a dimensionless constant in two-dimensional case so, in fact, Eq.(6) does not contain a term of the
energy dimension. Nevertheless, a bound electron state exists in the attractive −λδ(r) potential. One
can see that the sum on the right of Eq.(12) diverges. Introducing the cut-off at n = N , we obtain
1 =
λ
4pi
ln
(
N
b
+ 1
)
. (14)
Thus, we have at large N
− E + h¯ω
2
= h¯ωN exp
(
−4pi
λ
)
. (15)
In order to consider λ as the bare coupling constant we must require that it should depend on N so as
to quantity −E + h¯ω/2 would remain finite at N → ∞. Thus, the cut-off parameter N , which tends to
infinity, transmutes in arbitrary binding energy |E|. This is a nonrelativistic analog of the dimensional
transmutation phenomenon which occurs in massless relativistic field theories [7]. For the model under
discussion in the absence of magnetic field this phenomenon was first considered in [8]).
Now omitting simple calculations we give the final expression for the normalized wave function of bound
electron (see, also [9, 10])
Ψ0(r) =
1√
2pia
exp
(−x2 − y2 + 2ixy
4a2
)
. (16)
In the plane perpendicular to the magnetic field electron is localized in the region x, y ∼ a. This electron
state has a wonderful property. Its probability current densities are
jx = − h¯
2pima4
y exp
(−x2 − y2
2a2
)
≡ −j0y exp
(−x2 − y2
2a2
)
, jy = j0x exp
(−x2 − y2
2a2
)
. (17)
4It follows from Eq. (17) that there is the probability current in the region x, y ∼ a but its divergence
is equal to zero everywhere. Note that |Ψ0(r)|2 and two-dimensional current (17) satisfy the continuity
equation
∂|Ψ0(r)|2
∂t
+
∂jx
∂x
+
∂jy
∂y
= 0 (18)
everywhere. It follows from here that |Ψ0(r)|2 is conserved in time. Thus, the state (16) carries but not
creates electrical charge. In a definite sense one can say that the localized electron becomes “movable”
in the presence of magnetic field.
Results can be treated quasi-classically. Let two-dimensional vector field j be a complex quantity
j = jx + ijy in which components jx and jy are functions of the complex variable z = x+ iy. Note that j
is a solenoidal vector. Computing c = [∇× j], we obtain
[∇× j] = ∂jy
∂x
− ∂jx
∂y
=
A
pi
(
1− zz
∗
d2
)
exp
(
−zz
∗
d2
)
, (19)
where A = eh¯/ma4, d2 = 2a2 and z∗ is the complex conjugate of z. The field point in which c 6= 0 is
the vortex point or the field vortex. One can write j in the form
j =
iI(z)
2piz∗
, (20)
where
I(z) = Azz∗ exp
(
−zz
∗
d2
)
(21)
is the vortex intensity that is the vector field circulation on a closed contour encircling the vortex located
in the point x, y = 0 (see, Figure 1).
FIG. 1: Probability current
It should be borne in mind that for three-dimensional fields I(z) defines only the vortex projection on
the normal direction to the plane z = 0, while the vortex is three-dimensional vector. For planar fields
the vortex can be considered as a vector perpendicular to the plane z = 0.
If there are s attractive δ-potentials located in points xk, yk then the current vector is equal to the sum
j =
i
2pi
s∑
k=1
I(zk)
z − zk . (22)
It is interest to compare function (16) with the analogous wave function of an electron in a single
attractive −λδ(r) potential in the absence of magnetic field. The latter has been easily found in the form
Ψ(r) =
λC
2pi
K0


√
2m|E0|(x2 + y2)
h¯2

 , (23)
5where C is constant, K0(z) is the MacDonald function of 0th order, E0 is the electron energy. Now
electron is localized in the region l0 ∼
√
h¯2/2m|E0|. The probability current densities for state (23) are
equal to zero everywhere. Hence, the state (23) does not carry electrical charge.
IV. RESUME
We have shown that the effect of magnetic field on localized electron states leads to appearing the
probability current in some region as well as to enlarging (for a number of physical models) the localization
region of the electron in the plane perpendicular to the magnetic field.
For the effective mass m = me the ratio
a
l0
∼= 4 · 102
√
|E0|
B
, (24)
where |E0| and B should be taken in the electron-volt(s) and kilo-gauss(s), respectively. For typical cases
|E0| ∼= 0.1÷ 0.5 eV, B ∼= 1÷ 50 kG. The time, which an electron is in three-dimensional potential well of
the width r0 ≪ l0 or r0 ≪ a is related to the one out of the well as r20 ln2(r0/l0)/l20 without or r20/a2 in
the presence of magnetic field.
Using the model under discussion one can see a main result of work [5] concerning the decreasing of
the number of defects in thin defect oxide films after the magnetic field treatment.
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